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Abstract

The non-adiabatic time and the bunch shape at transition are derived from
an intuitive approach. This derivation is designed for readers who wish to un-
derstand the physics but do not wish to go through the solution of a differential

equation involving Bessel functions of fractional orders.

*Operated by the Universities Research Association, Inc., under contract with the U.S. Depart-

ment of Energy.



I. INTRODUCTION

The evolution of a bunch near transition has been worked out in terms of
Bessel functions of fractional orders by solving a differential equation. [1] How-
ever, all these can be estimated easily without going into differential equations
and Bessel functions. Best of all, through the estimation, one can have a clear

picture of what is going on during transition.

Here, we list the equations of motion of a bunch particle in the longitudinal
phase space. A detailed derivation is given in Appendix. The slippage factor,

defined as
1 1

= — _ — 1.1
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where F = v Fjy is the total energy of the synchronous particle having rest en-

Ui

ergy Lo, and v,Ey is the transition energy of the lattice. Physically, n measures
the amount of time or phase slippage of a bunch particle with respect to the
synchronous particle. Thus, for a particle with energy deviation AF, its rf

phase slips at a rate of

%?:zggAE, (1.2)
where h is the rf harmonic, wgy/27 the revolution frequency of the synchronous
particle and 3 its velocity relative to ¢, the velocity of light. At the same time,
this off-energy particle receives additional energy from the 1f cavities at the

rate of IAE v
_ eV wo . o
T 9. [sin(¢s + A¢p) — sin ¢s] , (1.3)

where V' is the rf voltage, ¢, and e the synchronous rf phase and charge of the

synchronous particle. Equations (1.2) and (1.3) form the equations of motion
of a bunch particle in the longitudinal phase space. Eliminating A F, we obtain
for small A¢ the equation governing the motion of the phase of the particle:
d ( 1 dAg
dt \w? dt

| ehnV cos ¢,
Ws = —W Wo . (15)

When the inverse of the slippage factor, 7!, does not change rapidly, we see

)+A¢:0, (1.4)

where

from Eq. (1.4) that the particle performs synchrotron oscillations with a syn-

chrotron tune vy = wy/wy.



II. NON-ADIABATIC TIME

When 77! is not rapidly changing, a bucket can be defined. The bucket
height has the property (see Appendix),

3B () (2.)

However, as the bunch particle passes through transition, =1 changes rapidly.
Let time ¢ be measured from the moment transition is crossed or when vy = v,,
and assume that the rf voltage and the synchronous phase, aside from flipping
from ¢4 to ™ — ¢, are held fixed near transition. Then, from Eq. (1.1),
29t

3 (2.2)
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This means that when transition is approached, synchrotron frequency is slowed
down to zero and the bucket height is increased to infinity. In other words, when
it is close enough to transition, the particle will not be able to catch up with
the rapid changing of the bucket shape. This time period, from ¢t = =T, to
t =T, is called the non-adiabatic region, and 7. the non-adiabatic time. Here,

we define this region by

w, < 2 d(AE)buCket . (23)
B (AE)buCket dt
The right side is
1 d(AE)buCket — l _ i — l + 1 (2 4)
(AE)buCket dt t=—T¢, 27 277 27 21

At t = =T, |Avy| = 41, the deviation of y from 7,, is usually less than one unit
and is therefore much less than v,. Therefore, the term 4/ in Eq. (2.4) can
be neglected, and inside the non-adiabatic region it is a good approximation
to replace the relativistic factors # and v by their values right at transition,
denoted by the subscript ¢. Evaluating at ¢t = =T, the left side of Eq. (2.3) is

hy,T.eV cos ¢
s = S TR 2.5
¥ |t:—Tc \\ wBIEE, o (2:5)

We then obtain the non-adiabatic time from Eq. (2.3):

(B (1anga ]
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where v
. eVwe .
¥, = o Ey sin ¢ (2.7)

derived from Eq. (1.3) has been used. Note that the non-adiabatic time is just

an approximate time. The factor 2 on the right side of Eq. (2.3) was inserted
for the purpose that 7. given by Eq. (2.6) is exactly the same as the adiabatic
time quoted in the literature. We have written Eq. (2.6) in such a way that
the factor in the first brackets contains parameters of the lattice, while 7, in
the second brackets is determined by the ramp curve and ¢;, the synchronous

phase at transition, is determined by the rf-voltage table.
ITI. BUNCH SHAPE AT TRANSITION

For the sake of simplicity, we adopt a model which states that,
(1) when |t| > T, the beam particles follow the bucket with synchrotron oscil-
lations, and

(2) when [t| < T., the beam particles make no synchrotron oscillations at all.

From Eq. (1.2), the bunch length o4 at ¢t = —T. is related to the rms energy
spread oy, by

hay
VsOp = —5—— Op , 3.1
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where 7 is to be evaluated at t = —T,, and the energy F is evaluated approx-

imately right at transition since the change is slow. The 95% bunch area is
defined as
S = 6ro,oy . (3.2)

From Eqgs. (3.1) and (3.2), we obtain the rms bunch length in time o, = hwooy

as

577 1/2
or = (—Gﬂyswoﬂgf}/tEO) . (33)

Substituting n(—1%) from Eq. (2.2) and 4, from Eq. (2.7), we arrive at

1 [ 5125, \'/?
oy = —— 52 ) (3.4)
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Our simple model requires no synchrotron oscillation inside the non-adiabatic

region. This is equivalent to having = 0 in Eq. (1.3); or the phase of each
particle will not change at all. Therefore, Eq. (3.4) is also the bunch length right



at transition, which agrees with the result from solving a differential equation
if we make the replacement

1 2
—— =032 =— ————— =0.300, (3.5)
V3r 35/6, (1)

where , (1) is the Gamma function. Our estimate is about 8.8% too large

because our simple model does not allow the bunch to continue to shrink in the

non-adiabatic region.

On the other hand, without synchrotron oscillations, the energy of each
beam particle is accelerated by the focusing rf force according to Eq. (1.3).
From t = =T, to t = 0, a particle at a phase offset A¢ from the synchronous

particle will acquire an energy

dy
AFE =T.Fy——A .
where y )
T N
dA¢ " tang, (3.7)
and the small phase-offset approximation has been made. But at ¢ = —T, the

energy spread at A¢ of the bunch is given by Eq. (3.1):
Vsﬁtz’ytEO
hn
where (A¢). = V60, hwy is the half width of the bunch at t = —7T. as given

by Eq. (3.4). When evaluated at t = =T, it is found that the coefficient of
Eq. (3.8) is equal to that of Eq. (3.6), and we denote it by

Al = (A9)2 = (A0)?, (3.8)
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Therefore, the total energy spread at transition is given by
(AB) g = o | V(D07 — (207 + 26 (3.10)

The maximum total energy spread comes out to be

1 [ SBIvIE
(AE)total,maX: ﬁ( ﬁTQ 0) ' (311)

at A¢ = 2_1/2(Aq§)c. The exact value from the solution of a differential equa-

tion can be obtained from the replacement

. (3)

L = 0.502 (3.12)
NG =0.502 . .



By the same token, the particle at the tail of the bunch will be decelerated
by the same energy. Particles in between will be accelerated accordingly. The
bunch shape at transition is therefore given by Fig. 1, which is slanted at an

angle from the A F-axis.

As shown in Eq. (3.12), our estimate of (AF)iotal is about 11% too large.
This is to be expected because we allow pure increment in energy by the focus-
ing rf potential in the non-adiabatic region without any motion in the phase

direction.

To conclude this section, let us write the rms time spread and rms energy
spread at transition as well as the non-adiabatic time in terms of the quantities

that we can control, namely, the synchronous phase ¢, and ramping rate 7,:
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Figure 1: The evolution of the bunch, according to the simple model, from

t = =T, (dots) to the time when transition is crossed (solid).



IV. MORE SOPHISTICATED APPROXIMATION

We now discard the simple model in the previous section and come back to
Eq. (1.4), the equation governing motion of small phase offset. In the adiabatic
region that is not too far away from transition, the particle is performing syn-
chrotron oscillations with a slowly changing frequency w; /27 given by Eq. (1.5).
The solution of Eq. (1.4) is therefore of the form

Ad = Aet S @it (4.1)

where the amplitude A is also slowly changing. We then have

d (1dAgY 2iA A, A 240\ o
() e (5 (5 s

S

Since A¢ varies much faster than A and w;, we can neglect A, &, and Aw,,

and set )
24 Aw, (4.3)
ws w2’ '
so that Eq. (1.4) is satisfied. The relation in Eq. (4.3) leads to
A2
— = constant , (4.4)
ws

implying that the solution of Eq. (1.4) or the rf phase of a beam particle in the

adiabatic region can be written as
A¢ = By/ws ¢ J wedt , (4.5)
with B being constant.

The dropping of the slowly varying terms from Eq. (4.2) is equivalent to

assuming )
A Aws
W_Z o2 (4.6)
240, A,
3 < 2 (4.7)

S

Again we assume constant rf voltage V and constant synchronous phase ¢,

and obtain, similar to Eq. (2.2),

_ YheV|cos @, |w?

WA(t) = bt with b

(4.8)



Then, together with Eq. (4.4),

Eq. (4.6) = |t|>><%)2/3 (%)1/3, (4.9)
Eq. (4.7) = |t|>><%)2/3 (%)1/3, (4.10)

A non-adiabatic time T, can therefore be defined. If we let

T, = (%)1/3 , (4.11)

it just turns out to be exactly the same expression in Eq. (2.4). Here, we arrive

at a neat way to remember the non-adiabatic time:

2 _ It _ 1
wi = T or <,u5|t:_Tc =7 (4.12)

Now, let us continue the study of the bunch shape in the adiabatic region.
Differentiating Eq. (4.5) and using Eq. (4.4), we get

dA (TN
—dt(b = iBw?/? [1 - (m) el vt (4.13)
or 12
dAg 1 /TN :
20 A |1+ — [ = w 4.14
a ¢[ 76 <|t|)_ ‘ (4.14)
with 3/2
1 (T:
¢ = tan™! I (m) : (4.15)

Then, using Eq. (1.2), we arrive at the energy offset of the particle

1/2

) B*yEq 1 (Tc)3 '
AE = —iw,A 1+ — (== i 41
iws A ; + 16\ e (4.16)

We see from Eq. (4.5) that, as the bunch is approaching the non-adiabatic
region, its width shrinks in the same way as the decrease of |/w;. On the other
hand, from Eq. (4.16), the height of the bunch increases because of the square
root term and the t=1/4 dependency in the front factor. We also see that there
is a phase advance ¢ of the energy offset, or a tilt in the bunch shape in the
longitudinal phase space. This tells us that there is already slowing down in the

phase motion in the adiabatic region when transition is approached. In other



words, there is no clear cut boundary between the adiabatic and non-adiabatic

regions.

The next task is to relate the constant B to the bunch area. The motion of
the particle described by Eqs. (4.5) and (4.6) is of the form

A¢p = Acosh AFE = Bsin(8 + ¢) , (4.17)
which map out a tilted ellipse of area w AB cos ¢ inscribed inside the rectangle
of width 28 and height 2A4. Therefore the bunch area in eV-s is

B B%eV cos ¢,
B 2h

which is time independent as anticipated. In above, the expression of w; as

S (4.18)

given by Eq. (1.5) has been used.

The motion of a particle in the non-adiabatic region can also be studied

using Eq. (1.4), which indicates an expansion into a double series:
S |t|)3” s <|t|)3”
Ap = n |l = — by | = , 4.19
o= (F + oz 2 (7, (4.19)
where ag and by are determined, respectively, by the bunch length and bunch

height at transition. The analysis is rather involved and we are not going to

pursue it further in this paper.
APPENDIX

A. Slippage Factor n and Transition Crossing

Let us first review some basic stuff. The most important variable here is the
slippage factor n, which is defined in terms of the time delay AT of a particle

which has an off-momentum é§ with respect to the synchronous particle: [2]

oT_5C_tv_,, a
where Tg is the period of the synchronous particle, Cjy its orbit length, and vg
its velocity. This just states that, being off-momentum, the particle may be
traveling on a longer orbit giving rise to the time delay. However, the larger
velocity can give rise to a time advance instead. We have

AC

C—O = a06 (AQ)



where aq is a property of the lattice and is called the momentum-compaction

factor, while

A ]
Yo v
where +vFq is the energy of the particle with Fgy being its rest energy. The

slippage factor can therefore be written as

o IR

where v, = 1/\/aq is called the transition gamma and Ey = v, Ep is the transi-
tion energy. We see that when the particle energy F is below Fj, or the rela-
tivistic factor v < 7,, the kinematic term in Eq. (A.1) or (A.4) dominates over
the effect of orbit-length increase. Therefore, 1 is negative implying that the
particle with an off momentum é > 0 will revolve faster than the synchronous
particle and arrive ahead after a turn. In order that the synchrotron oscillation
is stable, it is required to restrict the synchronous phase to —%7? < @y < %7?, S0
that w, in Eq. (1.5) is real. As the bunch particles are ramped, the kinematic
term decreases because of the finite limitation of the velocity of light and at
some time is canceled by the term for orbit-length increase, resulting in n — 0.
This is the moment we call transition crossing, and all off-momentum parti-
cles have exactly the same revolution period as the synchrotron particle. As
the energy is further increased, the effect of going on a longer orbit dominates
and 7 becomes positive. For stable synchrotron motion, we must have now
%ﬂ' < Py < %ﬂ'. This explains why there must be a jump of the synchronous

phase at transition.

It is important to point out that, even if the momentum-compaction factor
is a constant independent of momentum offset, particles inside a bunch will
actually cross transition at different times. For example, particles with positive
momentum offsets have higher energy than the synchronous particle, and will
therefore reach transition earlier. Because the synchronous phase can only
be jumped at one time, many particles in the bunch will experience unstable
synchrotron motion for a short period, resulting in emittance growth, beam loss,
and other nasty phenomena. In an actual machine, the momentum-compaction
factor is usually not independent of momentum offset. This may reduce or

enhance the difficulties of transition crossing.

10



B. Equations of Motion

From the n-th turn to the (n+ 1)-th turn, the change in rf phase offset with

respect to the synchronous particle is given by

2mhn
By Eo

where n. 3, and 7 are of the synchronous particle at the n-th turn. The energy

Agbn-l—l = A(bn + AEn P (Bl)

offset is updated by the rf voltage:
AFE, 1 =AFE, + eV [sin(¢s + A¢pq1) — sin @] . (B.2)

Since the changes per turn are small, Eqs. (B.1) and (B.2) can be smoothed

out to form a set of differential equations:

dA¢  hnwo

5 = p AE (B.3)
dAE  eVuw, | :
= = ot sin(ds £ Ad) —sin ] (B-4)

which forms the equations of motion of a particle in the longitudinal phase

space. There is a constant of motion,

_ hnwo
2B32F

2 €

(AE) + % [cos( + ) — (6, — Ag)sing,| . (B.5)

H

which is the Hamiltonian. The fixed points are obtained by solving dA¢/dt =
dAFE/dt = 0. One solution, AF = 0 and A¢ = ¢;, is the stable fixed point,
around which the particle performs synchrotron oscillations. The other solu-
tion,

AE =0

Ap=m —2¢,,

is the unstable fixed point, through which the bucket boundary or separatrix

(B.6)

passes. Substituting the unstable fixed point into Eq. (B.5), the value of the
Hamiltonian at the separatrix can be evaluated. We can then solve from the
Hamiltonian the bucket height

eVB32E
whn

1/2
(AE), et = { [—2 cos s + (T — 2¢5) sin qﬁs] } . (B.7)
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